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A brief review of new methods for continuous-thrust trajectory optimization is presented. The methods use

discretization of the spacecraft trajectory on segments and sets of pseudoimpulses for each segment. Boundary

conditions are presented as a linear matrix equation. A matrix inequality on the sum of the characteristic velocities

for the pseudoimpulses is used to transform the problem into a large-scale linear programming form. Present-day

linear programming methods use interior-point algorithms to solve such problems. In the general case, the

continuous burns include anumber of adjacent segments andapostprocessing of the linear programming solutions is

needed to form a sequence of the burns. An optimal number of the burns is automatically determined in the

postprocessing. Themethods provide flexible opportunities for the trajectory computation in complex missions with

various requirements and constraints. A systematic mathematical representation of these problems is considered. A

summary of examples for orbit transfer, rendezvous, and moon ascent trajectories is presented. Application

examples of lunar landing trajectories are examined. The examples represent a set of optimal unconstrained

trajectories for different thrust-to-weight ratios and trajectories with safety descent profile, thrust level, and attitude

constraints.

Nomenclature

A = matrix of inequality constraints
Ae = matrix of partial derivatives
a = thrust acceleration
ao = initial thrust acceleration
b = vector of inequality constraints
e = thrust-direction unit vector
F = boundary-condition function
fT = dimensionless thrust level
g = vector of gravitational acceleration
gM = gravitational acceleration on the moon surface
h = altitude
Isp = specific impulse
i = segment number
J = performance index
j = pseudoimpulse number
k = quantity of pseudoimpulses at each segment
L = horizontal range
M = spacecraft dimensionless mass (for initial time

M � 1)
_M = dimensionless mass rate for maximum thrust level
m = number of boundary conditions
n = quantity of segments
Pf = vector of boundary conditions
P�f = vector of boundary parameters along the trajectory

without any maneuvers
r = radius vector
Q = function of interior-point inequality constraints
q = weight coefficient vector of the fuel usage for the

segments
t = time
V = spacecraft velocity vector

X = vector of decision variables
Y = state vector
�Pf = target vector
�ti = duration of the ith segment
�Viopt = optimal characteristic velocity vector at the ith

segment
�V�j�i = dimensionless characteristic velocity of the jth

pseudoimpulse at the ith segment
�VX = characteristic velocity
# = thrust angle
’ = pitch angle

I. Introduction

T HE optimization problem of continuous-thrust spacecraft
trajectories has been studied extensively [1–18]. The optimi-

zation methods for the trajectories have been mainly of two types:
indirect and direct techniques or their combinations. Indirect
methods attempt to solve a two-point boundary-value problem based
on the Pontryagin maximum principle [19]. In the boundary-value
problem, the unknown costate variables are very sensitive and
difficult to guess. Direct methods convert the problem into parameter
optimization, which is in turn solved using, as a rule, nonlinear
programming methods [2]. The methods are attractive because
explicit consideration of the necessary optimal conditions (adjoint
equations and transversality conditions) is not required. A general
review of space trajectory optimization methods was presented by
Betts [20].

Linear programming represents one of the well-known optimi-
zationmethods successfully used to solvemany complex application
problems in engineering, economics, and operations research. But
classical linear programming has not been practically used for
the optimization of continuous-thrust trajectories. Ulybyshev and
Sokolov [9] have developed a method for optimization of many-
revolution, low-thrust maneuvers in the vicinity of the geostationary
orbit. The method uses pseudomaneuvers with either positive or
negative transverse directions for every trajectory segment (half a
revolution) so that it is possible to state the problem in terms of
classical linear programming with a number of decision variables
equal to quadruple the number of revolutions in the orbit transfer.

In the 1990s, linear programming underwent a revolution with the
development of polynomial-time algorithms known as interior-point
methods [21–23] that perform more effectively than the classical
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simplex methods. Furthermore, unlike simplex-based algorithms
that have difficultywith degenerate problems, interior-pointmethods
are immune to degeneracy [22]. This makes it possible to develop
effective methods that use large-scale linear programming for
spacecraft trajectory optimization.

The newmethods are based on two ideas. Thefirst is awell-known
discretization of time, in the general case, on nonuniform segments.
The second is the key idea, based on a near-uniform discrete approxi-
mation of a control space (i.e., thrust direction and magnitude) by a
set of pseudoimpulses with an inequality constraint for each
segment.

In a sense, the paper is a continuation of the author’s previous
works [16–18] in which the key idea was used for optimization of
continuous-thrust trajectories. The paper contains three major
parts. First is a general presentation of the methods. A systematic
mathematical representation of a trajectory optimization problem for
the most commonly used requirements and constraints is also
considered. Second is a brief review of major qualitative and com-
putational features for several application examples: maintenance of
a 24 h elliptical orbit, coplanar and noncoplanar orbit transfers,
various rendezvous trajectories for near-circular orbits (with high,
medium, and low thrust), and a three-dimensional launch trajectory
from themoon’s surface to a circumlunar orbit with constraints. New
application examples of lunar landing trajectories are considered in
the last part: a set of optimal unconstrained trajectories for different
thrust-to-weight ratios and trajectories with safety descent profile,
thrust level, and attitude constraints.

II. Spacecraft Trajectory Optimization
in Linear Programming Form

A. Spacecraft Motion Model

We consider a point-mass spacecraft with a limited thrust. The
equations of the spacecraft motion can be expressed as

dY

dt
� f�Y�t�; fT�t�; e�t�;M� (1)

where

Y T�t� � �rT�t�;VT�t�;M�t�� (2)

f �Y�t�; fT�t�; e�t�;M�t�� �

8<
:

V�t�
g� fT a0M e�t�
	fT _M

9=
; (3)

The controls are defined as the thrust direction e and thrust level fT .
The optimal control problem formulation considered here is to
minimize a performance index that is the total characteristic velocity.

Terminal conditions for the trajectory are

F �Y�tf1�;Y�tf2�; . . . ;Y�tf�� � Pf (4)

where F is a vector function of a state vector at the final time and, in
the general case, at interior points of the trajectory tf1, tf2, etc.; Pf is
an m dimension specified vector of the boundary conditions.

B. Trajectory Discretization

Introduce a set of segments as the partition �t0; t1; t2; . . . ; tn�, with
t0 � 0 and tn � tf. The mesh points ti are referred to as nodes, the
intervals�ti � �ti�1; ti� are referred to as trajectory segments. In the
general case, the segments can be nonuniform. Suppose that
approximate values of the state vectors at the nodesY�ti� are known,
then for the constant controls at each segment, we can write

Pf�tf� � P�f �tf� �
Xn
i�1

@F�ti�
@V

 fTia0ei�ti

Mi

� P�f �tf� �
Xn
i�1

@F�ti�
@V

�Vxiei (5)

where P�f is a vector of the boundary parameters computed along a

trajectory without any maneuvers, @F�ti�=@V is a matrix of partial
derivatives, and 0 � �Vxi � �Vximax is the characteristic velocity
for the ith segment. In a sense, Eq. (5) represents a simple form of the
well-known Encke’s method [24], which uses integration of only the
difference from a known reference trajectory.

Note that the final time tf and segment durations �ti may be
defined in an implicit form.

C. Sets of Pseudoimpulses

The simplest case of the control space for the thrust vector is a
plane. As an example, it can be a local horizontal or orbit plane. We
consider an ith segment independent of all the other segments.
Suppose that the thrust direction in the plane is arbitrary. Without
loss of generality, let a dimensionless characteristics velocity or
impulse for the segment be �Vxi � 1. All of the possible thrust

directions can be present as a set of pseudoimpulses e�j�i within the
unit circle with a small angle of�’� 2�=k between them (Fig. 1a).
Suppose that there is an optimal impulse�Viopt for the ith segment.

Thus, we can present the optimal impulse by the sum

�Viopt �
Xk
1

�V�j�i e�j�i (6)

with a constraint for the characteristic velocities of the pseudo-
impulses (Fig. 1b):

∆ϕ

inadmissible
approximation

admissible
approximation

∆ V i opt

a) b)

Fig. 1 Set of pseudoimpulses in a plane.
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Xk
1

�V�j�i � 1 (7)

It is evident that the optimal vector approximation of the optimal
impulse by the pseudoimpulses is a sum of the two nearest-neighbor
pseudoimpulses.

In a similar way, we consider a three-dimensional case for the
possible thrust directions. A set of pseudoimpulses can be con-
structed using a uniform distribution on the unit sphere. Examples of
such sets on the full sphere and on a spherical segment are depicted in
Fig. 2. Similarly to the planar case, for each segment, the sum of
characteristic velocities of the pseudoimpulses should be constrained
by the inequality (7). The best approximation of an optimal impulse
�Viopt is also a sum of nearest-neighbor pseudoimpulses.

D. Transformation to Basic Linear Programming Form

Define a (n � k)-dimension vector of decision variables:

X T���V�1�1 ;�V
�2�
1 ; . . . ;�V

�k�
1 ;�V

�1�
2 ;�V

�2�
2 ; . . . ;�V

�k�
2 ; . . . ;�V

�k�
n �
(8)

It should be noted that all the vector components must be
nonnegative. For the vector, according to the previous statements,
the following linear inequality can be written

AX � b (9)

whereA is an � �n � k�-dimensionmatrix of the following form (all
of the unspecified elements equal to zero),

A �

111 
 
 
 1|���{z���}
k

111 
 
 
 1|���{z���}
k

. .
.

111 
 
 
 1|���{z���}
k

2
666666664

3
777777775

|�����������������������������������{z�����������������������������������}
n�k

�
n (10a)

and an n-dimension vector:

b T � �1; 1; 1; . . . ; 1; 1� (10b)

For the decision-variable vectorX, the boundary conditions from
Eq. (5) can be expressed as

�Pf � Pf 	 P�f �AeX (11)

where �Pf is a target vector, and Ae is a m � �n � k�-dimension
matrix of partial derivatives:

A e �

@F1

@V
�1�
1

@F1

@V
�2�
1


 
 
 @F1

@V
�k�
1|����������������{z����������������}

k
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2

@F1

@V
�2�
2
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�k�
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n

@F1

@V
�2�
n
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�2�
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�k�
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(12)

where @Fq=@V
�j�
i is a partial derivative that can be computed using

analytical relations or numerically.
Introduce a (n � k)-dimension vector of weight coefficients as

qT � � 1 1; . . . ; 1 1 � for the equal segments or as qT � ��t1max;

�t2max; . . . ;�tnmax� for the unequal segments. Then a performance
index corresponding to the minimum characteristic velocity of the
transfer can be written as

J�min�qT 
X� (13)

As a result, we have a classical linear programming problem with
constraints of a linear inequality and equality given by Eqs. (9) and
(11), respectively. The elements of the decision-variable vector X
must be nonnegative and constrained:

0 � �V�j�i � 1 (14)

The presented linear programming form is a large-scale problem
but modern scientific software, such as MATLAB®, contains
effective algorithms for sparse matrix computations [25] including
large-scale linear programming.
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Fig. 2 Near-uniform point distributions in 3-D space.
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E. Postprocessing of Linear Programming Solutions

It is evident that the segments in the linear programming form are
formally considered independent of each other. Therefore, an
additional postprocessing and validation are required for the linear
programming solutions (see Fig. 3). It is necessary to find all of the
segments corresponding to the nonzero decision variables. The
adjacent segments among these should be joined in burns. If two
(or three in the three-dimensional case) decision variables belong
to a segment, then the thrust magnitude and direction should be
computed from the vector sum of the corresponding pseudo-
impulses. It should be noted that the optimal number of burns is
automatically determined in the postprocessing. Other qualitative
aspects of solutions and their relation with the primer vector theory
[26] are described in [16–18].

F. Iterative Solutions and Nonlinear Problems

In a sense, the spacecraft trajectories can be divided into two
categories: a motion near a reference trajectory and a general case
with substantial change of initial trajectory parameters and, respec-
tively, the partial derivatives. For the first, the partial derivatives in
Eq. (12) are known with a relatively high precision. For the second,
an intermediate trajectory and, respectively, the partial derivatives in
Eq. (12), are usually not known a priori. For this case, we can use an
iterative technique with a refinement of the partial derivatives at
each iteration. For the first iteration we define an initial guess for
intermediate trajectory parameters. As an example, it can be a linear
time variation between initial and target parameters. Based on the
linear programming solution, the parameters are refined for the
second iteration, etc., to satisfy the specified boundary conditions.
Usually, iterative solutions are also needed for linear problems with
spacecraft mass variation. It is significant that the iterative processes
for the proposed method contain attractive features. Unknown
intermediate trajectory parameters have, as a rule, monotonic
variations and/or known variation ranges between the initial and
target parameters. Contrary to the methods presented here, the
optimal control techniques in the form of an iterative solution for a
two-point boundary-value problem for the state and adjoint variables
are difficult to apply. The main difficulty with these methods is
getting started (i.e., finding a first estimation of the unspecified
conditions for the state and adjoint variables [27]). Moreover,
the adjoint variables do not have a physical meaning, and thus, it can
be difficult to find a reasonable initial guess for them [27]. An
application of the presented method to nonlinear problems would

require additional study, but [16] presents some examples of a related
method to nonlinear problems in continuous-thrust systems. We
believe that a feasible way to solve nonlinear problems is compu-
tation of the partial derivatives in Eq. (12) based on techniques for
approximate determination of trajectory arcs [28].

The interior-pointmethods are not only highly efficient algorithms
for the large-scale linear programming, but they are immune to
degeneracy [22]. Therefore, the absence of a solution with a low
thrust means, most likely, that the thrust acceleration (i.e., the
spacecraft thrust-to-weight ratio) is small for the trajectory, or the
problem formulation with the boundary conditions and constraints is
degenerate. For the last case, an attempt of the solution for a very-
high-thrust acceleration can be used as a validation test of the
possible degeneracy. Such validation is very important for spacecraft
design analysis.

G. Optimization of Constrained Trajectories

The basic form of the trajectory optimization problem without
constraints was presented in the previous section. The real space
missions are often required to satisfy not only terminal conditions,
but also some specific requirements. As examples, there are con-
straints for interior points in the form of boundary conditions or
inequalities; constraints or preferences for some thrust directions;
burn intervals; use of a multimode propulsion system with a com-
bination of high, medium, and/or low thrust; and other operational
constraints. It is significant that the methods provide flexible
opportunities for computation and design of optimal trajectories with
various requirements and constraints. For such complexmissions, an
extension and/or modification of the basic linear programming form
is required (i.e., transformation of the matrices A, Ae, the weight
vector q, set of segments, and/or sets of pseudoimpulses). A
schematic diagram in Fig. 4 illustrates the transformations for most
used requirements and constraints.

Each l dimension interior-point equality constraint of
FIP�Y�tfIP�� � PIP needs additional rows in the matrix Ae:

A e �
A0e

@FIP

@V
�1�
1

@FIP

@V
�2�
1


 
 
 @FIP

@V
�k	1�
�

@FIP

@V
�k�
�

Ol���n	1��k�

" #
(15)

whereA0e is the matrix in Eq. (12),Ol���n	1��k� is the zero matrix, and
� is an index of the last segment preceding the instant tfIP. In this case,
the matrix Ae has dimension of �l�m� � �n � k�.

An inequality constraint related to an engine time�tEmax at a time
subinterval (as an example for spacecraft using electrojet engines) is
presented as a quantity of the adjacent segments corresponding to the
subinterval with an extension of the matrix A and vector b as

Fig. 3 Postprocessing of the linear programming solutions.

Mathematical representation 
Mission features 

eA  A  q  SS  SPI  
Interior-point 
equality 

    

Interior-point 
inequality 

     

Duration of engine 
time at sub-
intervals 

     

Thrust directions 
    

Constraints 

Acceptable 
intervals for burns 

   

Multi-mode engine 
system 

   

Bounded ∆Vx for 
burns 

     

Fixed ∆Vx for 
burns 

    Requirements 

Fixed thrust 
directions 

    

Thrust directions 
   

Preferences 
Burn beginning 

   

REQUIRED ACTIONS: 

- extension - modification - cut 

Fig. 4 Constraint representations (SS: set of segments and SPI: set of

pseudoimpulses).
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A �
A0

O1���l	1��k�

�tlmax 
 
 
 �tlmax|����������������{z����������������}
k


 
 

�tsmax 
 
 
 �tsmax|�����������������{z�����������������}

k
O1���n	s��k�

" #
(16a)

b T � �1; 1; 1; . . . ; 1; 1;�tEmax� (16b)

where A0 is the base matrix as in Eq. (10a), and O1���l	1��k� and
O1���n	s��k� are zero string vectors.

More general interior-point inequality constraints are

Q�Y�t�� � 0 for 0 � tb � t � te � tf (17)

where tb and te are the start and end times of a constrained trajectory
part. The problem must be treated as a sequence of constrained
segments. Suppose that s is the first segment for that tb � ts and
s�m is the last segment for that ts�m � te;. In addition to Eq. (9), we
have the following m inequalities:

Q�tl� �Q��tl� �
Xi�l
i�1

Xk
j�1

@Q

@V�j�i

�V�j�i � 0 (18)

where s � l � s�m is the segment index for the interval between tb
and te,Q

��tl� is the function (17) computed along free trajectory, and

@Q=@V�j�i is a partial derivative. Therefore, the matrixA (10a) with a
dimension of �n�m� � �n� k� can be expressed as (all of the
unspecified elements equal to zero)

A �

111; . . . ; 1
111; . . . ; 1

. .
.

111; . . . ; 1
111; . . . ; 1

. .
.

111; . . . ; 1
111; . . . ; 1

. .
.

111; . . . ; 1
An�1;1 An�1;2 
 
 
 An�1;s
An�2;1 An�2;2 
 
 
 An�2;s An�2;s�1

..

. ..
. ..

. ..
. ..

. . .
.

An�m;1 An�m;2 
 
 
 An�m;s An�m;s�1 
 
 
 An�m;s�m

2
666666666666666666666666664

3
777777777777777777777777775

(19)

where

A n�l;i � @Q=V�1�i @Q=V�2�i 
 
 
 @Q=V�k�i
� �

(20)

is a k-dimension row vector of partial derivatives. The (n�m)-dimension vector b in Eq. (10b) is

b T � 1 1 1 
 
 
 1 	Q��ts� 	Q��ts�1� 
 
 
 	Q��tl� 
 
 
 	Q��ts�m�
� �

(21)

Thrust-direction constraints can be considered in an explicit form
through corresponding sets of pseudoimpulses. Preferences for
thrust directions and/ormodes of the propulsion systemare presented
in an explicit form through the weight vector q. Some examples of
mission features are given in [16–18]. It is significant that the
aforementioned requirements and constraints can be considered not
only separately, but also in combination with each other.

A complex example with interior-point inequality constraints
for a time interval, thrust level, and attitude constraints is given
subsequently.

III. Summary of Examples for Orbit Transfer,
Rendezvous, Moon Ascent Trajectories

Major qualitative and computational features of various appli-
cation examples from [16–18] are presented in the Table 1. The first
example is the maintenance of a 24 h elliptical orbit. It is an
optimization of station-keeping maneuvers in a neighborhood of the
orbit for a spacecraft with possible thrust directions in the local
horizontal plane. The second and third examples are coplanar and
noncoplanar orbit transfers with thrust directions in the orbit plane
and three-dimensional space, respectively. The next example is
optimization of rendezvous trajectory near circular orbits for
spacecraft with low-thrust propulsion system. The example includes
equality interior-point constraints related to execution of a flyby
around the passive spacecraft before rendezvous accomplishment.
Three-dimensional launch trajectories from the moon surface to a
circumlunar orbit with constraints are considered in the last example.

IV. Trajectory Optimization for Lunar Landing

A. Lunar Lander Motion Equations

Motion of a lunar landing spacecraft can bemodeled by a variable-
mass point moving over a flat surface with a uniform gravity field:

8>>>>>>>><
>>>>>>>>:

dh
dt
� Vh

dL
dt
� VL

dVh
dt
� fT a0M sin ’ 	 gM

dVL
dt
� fT a0M cos’

dM
dt
�	fT _M

(22)
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The control variables are fT�t� and ’�t�. Soft-landing terminal
conditions for a specified terminal time tf are

P T�tf� � �hf; Vhf; VLf �T � �0; 0; 0�T (23)

Let us suppose that the sets of segments and pseudoimpulses are
defined and that approximate mass values Mi at the segments are
known. Then for the partial derivatives in the matrixAe (12), we can
write

@F

@V�j�i
� a0fTi�ti

Mi

�tf 	 ti� sin’�j�
sin ’�j�

cos’�j�

2
4

3
5 (24)

An iterative process is required for refinement of themassMi at the
segments and, respectively, the partial derivatives. As a rule, to
obtain the converged values, only two or three iterations are needed
in this computation. For the next application examples, a spacecraft
in a circular orbit of 100 km altitude and with an engine specific
impulse of Isp � 350 s is considered.

B. Set of Optimal Unconstrained Trajectories

As a lower bound of the required characteristic velocity for lunar
landing trajectories, a set of optimal unconstrained trajectories for
different initial thrust accelerations (or thrust-to-weight ratios) can be
used. Figure 5 shows the required �Vx versus the specified landing
time.

The results are given for different values of a0 (in m=s2),
�ti � 2:5 s, and 360 uniformly distributed pseudoimpulses on the
unit circle are used for all segments. For each a0, there are the two
extreme solutions in terms of the required characteristic velocity and
landing time. The first is the minimum-time solution tfmin. In this
case, we have a trajectory with a continuous maximum thrust. The
second is a trajectory with the minimum required�Vx and a landing
time tfV > tfmin. The difference between these solutions decreases
with decreasing of a0 and they run into the limit solution in that
tfmin � tfV and a0 is the minimum possible value for the landing
trajectory. The trajectories with tfmin < tf � tfV are divided in three
phases: initial burn arc, coasting passive arc, and terminal burn arc.
These results are in compliance with the Lawden primer vector
theory for a uniform gravity field [26]. The spacecraft thrust vector is
oriented nearly opposite to the instantaneous velocity vector. For
tf > tfV , an optimal trajectorymay be designed as a combination of a
waiting time (tf 	 tfV ) and trajectory with the minimum required
�Vx. The results also illustrate the influence of spacecraft thrust-to-
weight ratio on lunar landing trajectories. The presented minimum
characteristic velocities compare well with required �Vx for the
Apollo missions [29].

C. Optimal Trajectories with Constraints

Real landing trajectories are often required to satisfy constraints
related not only to the terminal conditions (23), but also to constraints
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Fig. 5 Required characteristic velocities for optimal unconstrained

trajectories.
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on an altitude profile, thrust level, attitude and attitude rate, etc. An
example for an inequality interior-point constraint will be given
subsequently. Suppose that tf � 400 s, a0 � 10 m=s2,�ti � 2:5 s,
and 360 uniformly distributed pseudoimpulses on the unit circle are
used for each segment. Therefore, the number of the decision
variables is �160 � 360� � 57; 600.

We examine constraints that are given in the Table 2. The first two
constraints can be presented in an explicit form through�Vimax and
sets of pseudoimpulses for the corresponding segments.

The last constraint is related to contingency situations so that the
spacecraft should be able to abort the descent process at any timewith
a free-fall time no less than a safety time tAB. The time tAB is needed
for performing operations in a contingency aborting of the descent
[30]. We assume that tAB � 40 s (for the Apollo missions, it was
tAB � 20 s). For the unconstrained landing trajectory, the safety
profile constraint does not hold. The corresponding profileh�Vh� and
lower bound of the safety profile are presented in Fig. 6. The free-fall
time tfall versus abort time is shown in Fig. 7. Therefore, for a
sequence of m adjacent segments (between a segment immediately
preceding the first violation of the constraint and up to t�
tf 	 tAB � 360 s), the following inequalities should be met:

Q�h; VL; Vh;M; t� � 	
�
hl � VltAB 	

gMt
2
AB

2

�
� 0 (25)

where l is a segment number. An additional row ofmatrixA (19) and
element of vector b (21) should correspond to each of these
inequalities:

A n�l;i �
a0
Mi

�ti 
 f�tl 	 ti�

� tABg sin ’�1� sin ’�2� 
 
 
 sin’�k�
� �

(26)

Table 2 Constraints for landing trajectories

Constraint

Flight phase Time interval, s Thrust level Attitude

Terminal 390–400 Constant fT � 50% Constant thrust angle #�	90 deg
Transition 360–390 Linearly in time from

100% to 50%
Bound for maximum thrust

angle #max �	90 deg��t 	 390� 
 4 deg =s
Safety profile h�Vh� with
free-fall time no less than
tAB � 40 s

� 360 Functional constraint Functional constraint
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Fig. 7 Free-fall times for an unconstrained trajectory.
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Fig. 6 Profile h�Vh� for an unconstrained trajectory.

Table 3 Examples of trajectories

Constraints

Trajectory number Terminal Transition Safety profile �Vx, km=s Number of burns Number of nonzero
decision variables

1 	 	 	 1.771 2 55
2 � 	 	 1.778 3 54
3 � � 	 1.824 2 58
4 	 	 � 1.908 3 73
5 � 	 � 1.984 3 81
6 � � � 2.079 4 78
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Fig. 8 Thrust profile history for trajectory 6.
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bn�l �	
�
h0 	

gM�tl � tAB�2
2

�
(27)

Suppose that the start time from Eq. (17) is tb � 270 s. It is a time
with a margin for the constraint violation time (see Fig. 7). Then
m� 36 and the matrix A has a dimension �160� 36� � 57; 600.

To illustrate trajectory performance effects due to inclusion of
each constraint, six trajectories are computed that are given in
Table 3. Figures 8–12 present the time histories of several important
parameters for trajectory 6. The burn distribution is shown inFig. 8 as
sequences of adjacent segments. Each segment is depicted as a gray-
filled rectanglewith a height equal to a thrust level. The gray colors of
the rectangles correspond to the required thrust angles #� ’ 	 �
in compliance with the shading scale (the right side in the figure).
In fact, it is a four-burn descent. The safety profile is an active
constraint. Its effect is easily observed in Figs. 10 and 11: h�Vh�
tracks the lower bound of the safety profile. For this phase, the thrust
angle # is increased and reaches a local maximum of 
15 deg (see
Fig. 12).

V. Conclusions

The purpose of this paper is to present new spacecraft trajectory
optimization methods and demonstrate the beneficial features of this
approach. The methods are based on a discretization of the trajectory
on small segments, and the key idea is to use a discrete approximation
for the space of the possible thrust directions by a set of pseudo-
impulses for each segment. The methods are attractive for several
reasons. First, it is a transformation of the problem to a large-scale
linear programming form for which there are effective interior-point
algorithms. Second, there is flexible possibility for the trajectory
optimization with various operational constraints such as interior-
point boundary conditions or inequalities, thrust level, thrust
directions, etc. The methods may also be used for determination of a
required spacecraft thrust-to-weight ratio in a mission type. Third,
the optimal number of burns is automatically determined in the
postprocessing of the linear programming solutions. Note that there
are also some application possibilities based on iterative techniques
for nonlinear problems. In futurework, use of themethods for awider
range of nonlinear problems needs to be investigated.Webelieve that
the key idea (i.e., discrete sets for the control space) can be applied to
other optimal control problems.
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